We present a class of topological plasma configurations characterized by their toroidal and poloidal winding numbers, nt and np respectively. The special case of nt = 1 and np = 1 corresponds to the Kamchatnov-Hopf soliton, a magnetic field configuration everywhere tangent to the fibers of a Hopf fibration so that the field lines are circular, linked exactly once, and form the surfaces of nested tori. We show that for nt ∈ Z + and np = 1 these configurations represent stable, localized solutions to the magnetohydrodynamic equations for an ideal incompressible fluid with infinite conductivity. Furthermore, we extend our stability analysis by considering a plasma with finite conductivity and estimate the soliton lifetime in such a medium as a function of the toroidal winding number.
I. INTRODUCTION
A hopfion is a field configuration whose topology is derived from the Hopf fibration. The Hopf fibration is a map from the 3-sphere (S 3 ) to the 2-sphere (S 2 ) such that great circles on S 3 map to single points on S 2 . The circles on S 3 are called the fibers of the map, and when projected stereographically onto R 3 the fibers correspond to linked circles that lie on nested, toroidal surfaces and fill all of space. The fibers can be physically interpreted as the field lines of the configuration, giving the hopfion fields their distinctive toroidal structure [1] .
Hopfions have been shown to represent localized topological solitons in many areas of physics -as a model for particles in classical field theory [2] , fermionic solitons in superconductors [3] , particle-like solitons in superfluidHe [4] , knot-like solitons in spinor Bose-Einstein (BE) condensates [5] and ferromagnetic materials [6] , and topological solitons in magnetohydrodynamics (MHD) [7] . The Hopf fibration can also be used in the construction of finite-energy radiative solutions to Maxwell's equations and linearized Einstein's equations [8] . Some examples are Rañada's null EM hopfion [9, 10] and its generalization to torus knots [1, 11, 12] .
Topological solitons are metastable states. They are not in an equilibrium, or lowest energy, state, but are shielded from decay by a conserved topological quantity. The energy E is a function of a scale factor, typically the size R of the soliton, so that the field could decrease its energy by changing this parameter. However, the topological invariant fixes the length scale and thus the energy. In condensed states (superconductors, superfluids, BE condensates, and ferromagnets) the topological structure is physically manifested in the order parameter, which is associated to a topological invariant. For example, the hopfion solutions in ferromagnets are such that the Hopf fibers correspond to the integral curves of the magnetization vector m. The associated Hopf invariant is equal to the linking number of the integral curves of m.
For many systems the solution can still decay by a continuous deformation while conserving the topological invariant. Another physical stabilization mechanism is needed to inhibit collapse [13] . For example, this can be achieved for superconductors with localized modes of a fermionic field [14] , for superfluids by linear momentum conservation [4] , for BE condensates with a phase separation from a second condensate [15] , and for ferromagnets with conservation of the spin projection S z [16] .
In MHD, the topological structure is present in the magnetic field. The topological soliton of Kamchatnov has a magnetic field everywhere tangent to a Hopf fibration, so that the integral curves of the magnetic field lie on nested tori and form closed circles that are linked exactly once. The Hopf invariant is equal to the linking number of the integral curves of the magnetic field, which is proportional to the magnetic helicity. In addition to the topological invariant, another conserved quantity is required. MHD solitons can be stabilized if the magnetic field has a specific angular momentum configuration which will be discussed below.
Because of the importance of topology in plasma dynamics, there has previously been interest in generalizing the Kamchatnov-Hopf soliton [17] . The topology of field lines has been shown to be related to stability of flux tube configurations, with the helicity placing constraints on the relaxation of magnetic fields in plasma [18, 19] . Magnetic helicity gives a measure of the structure of a magnetic field, including properties such as twisting, kinking, knotting, and linking [20, 21] . Simulations have shown that magnetic flux tubes with linking possess a longer decay time than similar configurations with zero linking number [22] [23] [24] . Recently, higher order topological invariants have been shown to place additional constraints on the evolution of the system [18, 25, 26] . The work presented in this paper distinguishes itself from these topological studies of discrete flux tubes in the sense that we are considering the topology and stability of continuous, space-filling magnetic field distributions. Furthermore, our results are analytic, rather than based on numerical simulations.
There are many applications where magnetic field topology has a significant effect on the stability and dynamics of plasma systems. For example, toroidal magnetic fields increase confinement in fusion reactors [27, 28] , and solving for the behavior of some magnetic confinement systems is only tractable in a coordinate system based on a known parameterization of the nested magnetic surface topology [28] [29] [30] . In astrophysics, the ratio of the toroidal and poloidal winding of the internal magnetic fields impacts many properties of stars, including the shape [31, 32] and momentum of inertia [33] , as well as the gravity wave signatures [34] and disk accretion [35] of neutron stars. The new class of stable, analytic MHD solutions presented in this paper may be of use in the study of fusion reactions, stellar magnetic fields, and plasma dynamics in general.
The MHD topological soliton is intimately related to the radiative EM hopfion solution. The EM hopfion constructed by Rañada is a null EM solution with the property that the electric, magnetic, and Poynting vector fields are tangent to three orthogonal Hopf fibrations at t = 0. The electric and magnetic fields deform under time evolution, but their field lines remain closed and linked with linking number one. The Hopf structure of the Poynting vector propagates at the speed of light without deformation. The EM hopfion has been generalized to a set of null radiative fields based on torus knots with an identical Poynting vector structure [11] . The electric and magnetic fields of these toroidal solutions have integral curves that are not single rings, but rather each field line fills out the surface of a torus.
The time-independent magnetic field of the topological soliton is the magnetic field of the radiative EM hopfion at t = 0
The soliton field is then sourced by a stationary current
We will use this relationship, along with the generalization of the EM hopfion to toroidal fields of higher linking number, in order to generalize the Kamchatnov-Hopf topological soliton to a class of stable topological solitons in MHD. We will also discuss how the helicity and angular momentum relate to the stability of these topological solitons.
II. GENERALIZATION OF THE KAMCHATNOV-HOPF SOLITON
We construct the generalized topological soliton fields using Eqns. (1) and (2) applied to the null radiative torus knots. The time-independent magnetic field of the soliton is identical to the magnetic field of the radiative torus knots at t = 0. The magnetic field is sourced by a current, resulting in a stationary solution.
The torus knots are constructed from the Euler potentials:
where r 2 = x 2 + y 2 + z 2 . As Ref. [11] points out, at t = 0 these are the stereographic projection coordinates on S 3 . The magnetic field of the torus knots is obtained from the Euler potentials for the Riemann-Silberstein vector F = E + ıB.
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The solitons are found by taking the magnetic field of the torus knots at t = 0
Each (n t , n p ) with n t , n p = 1, 2, 3... represents a solution to Maxwell's equations. A single magnetic field line fills the entire surface of a torus. These tori are nested and each degenerates down to a closed core field line that winds n t times around the toroidal direction and n p times around the poloidal direction, as illustrated in Fig. 1 . A complete solution for a given (n t , n p ) is composed of pairs of these nested surfaces that are linked and fill all of space as shown in Fig. 2 . For n g = gcd(n t , n p ), the solution is a magnetic field with 2n g linked core field lines (knotted if n t > 1 and n p > 1). If n t = 1 and n p = 1, the solution is the Kamchatnov-Hopf soliton. We will analyze these fields and how the linking of field lines affects the stability of magnetic fields in plasma. In particular, for n p = 1 and n t ∈ Z + , we will show that these fields can be used to construct a new class of stable topological solitons in ideal MHD. The solutions with n p = 1 are not solitons in plasma, and their instability will be discussed in section III A.
III. STABILITY ANALYSIS
In this section we assume the plasma is an ideal, perfectly conducting, incompressible fluid. In a fluid with finite conductivity, the magnetic field energy diffuses. Under this condition, one can estimate the lifetime of the soliton as will be shown in section IV.
First we consider the case where the poloidal winding number n p = 1 and the toroidal winding number n t is any positive integer. These will be shown to represent stable topological solitons in ideal MHD. In the next section, we will consider the solutions with n p = 1. Using the method in this paper, these do not represent stable solitons, and we will discuss how this instability relates to the angular momentum.
To analyze the stability of these solutions, following the stability analysis in Ref. [7] 2 , we study the two scaled quantities of the system -the length scale R which corresponds to the size of the soliton and B 0 which is the magnetic field strength at the origin. (The length scale 2 Note that Ref. [7] uses CGS units and we use SI units in our analysis. The reference also has a typo -Eqn. (45) should have a factor of R 2 instead of R.
R is also the radius of the sphere S 3 before stereographic projection.) First we change to dimensionful coordinates by taking
The stability depends on three quantities -energy, magnetic helicity, and angular momentum -which are functions of R and B 0 . For a perfectly conducting plasma, the magnetic helicity h m is an integral of motion and is thus conserved. The magnetic helicity is also a topological invariant proportional to the linking number of the magnetic field lines. If the field can evolve into a lower energy state by a continuous deformation (therefore preserving the topological invariant) then it will be unstable. However, we will show that such a deformation does not exist because the angular momentum M is also conserved and serves to inhibit the spreading of the soliton. The magnetic helicity is defined as
where A = Im[α nt ∇β np ] is the vector potential. From Eqns. (3)- (5), it follows that
The MHD equations for stationary flow are satisfied for a fluid with velocity
The energy of the soliton is given by so that
The angular momentum is
where we took the positive velocity solution. We find that the conserved quantities h m and M fix the values of R and B 0 , R = 1 8π 2 n t (n t + 1)
B 0 =2n t (n t + 1)
thus inhibiting energy dissipation. This shows that the solution given in Eqns. (3)- (5) (and shown in Fig. 2 ) represents a class of topological solitons characterized by the parameter n t ∈ Z + for n p = 1.
A. Angular Momentum and Instability for np = 1
For n p = 1, the angular momentum for all n t is zero. Some examples of fields with n t = 1 and different n p values are shown in Fig. 3 . The field lines fill two sets of linked surfaces. For a given pair of linked surfaces, the field in each lobe wraps around the surface in opposite directions. In Fig. 3 the red and blue surfaces wind in opposite directions. This means that the contribution to the angular momentum of the two field lines cancels. In this case the length scale is not fixed by the conserved quantities. The energy can therefore decrease by increasing the radius and the fields are not solitons.
IV. FINITE CONDUCTIVITY AND SOLITON LIFETIME
To include losses due to diffusion, we need to consider a plasma with finite conductivity. We can estimate the soliton lifetime by dividing the energy by dE/dt, calculated before any energy dissipation [7] . Since this is the maximum rate of energy dissipation, we can obtain a lower bound on the time it takes for the total energy to dissipate. Thus,
=(3n t + 7n 
The resulting lifetime is t nt ≥ 3n t 3n t + 7n 2 t + 5n 3 t µ 0 σR 2 .
For higher n t , the lifetime decreases although the helicity in Eqn. (9) increases. This result is interesting as we would have expected from the results regarding flux tubes mentioned previously that the lifetime would increase with increasing helicity.
V. CONCLUSION
We have shown how to construct a new class of topological solitons in plasma. The solitons consist of two linked core field lines surrounded by nested tori that fill all of space. The solutions are characterized by the toroidal winding number of the core field lines and have poloidal winding number one in order to have non-zero angular momentum. We have shown that the conservation of linking number and angular momentum give stability to the solitons in the ideal case. For a plasma with finite conductivity, we have estimated the lifetime of the solitons and found that the lifetime decreases with increasing helicity. Finally, we note that there may be related generalizations of the hopfion fields in other physical systems, such as superfluids, Bose-Einstein condensates, and ferromagnetic materials.
